CONDITIONS FOR RATIONAL WEAK MIXING 



JON. AARONSON 

Abstract. We exhibit rationally ergodic, weakly mixing measure 
preserving transformations which arc not subsequence rationally 
^ , weakly mixing and give a condition for smoothness of renewal se- 

quences. 



Rational weak mixing of a measure preserving transformation was 
defined and considered in [Al] to which we refer for definitions. 

We show by example in §1 that weak rational ergodicity and weak 
mixing does not imply subsequence rational weak mixing. The main ex- 
amples are dyadic towers with super-growth sequences (defined below). 
We also give zero type examples. See [DGPS] for related examples. 

A Markov shift is conservative, ergodic iff the associated stochas- 
tic matrix is irreducible and recurrent, and in this case is rationally 
ergodic. It is weakly mixing iff its associated renewal sequences are 
aperiodic, and (subsequence) rationally weakly mixing iff the associ- 
ated renewal sequences are (subsequence) smooth (see [Al]). 

It is not known whether every aperiodic, recurrent renewal sequence 
is subsequence smooth, or whether smoothness implies Orey's strong 
ratio limit property. See §8 in [Al]. 

Smoothness of the renewal sequence u would follow e.g. from the 
property Y, n >i \ u n ~ u n+ i\ < oo. This is known for positively recurrent, 
aperiodic, renewal sequences and is conjectured in for all aperiodic 
renewal sequences (see [K] §1.6(iv)). 

In §2, we give a sufficient condition establishing smoothness e.g. 
when En>i u n is 1-regularly varying. This condition entails the property 

E„>l( M « " U n+l) 2 < 00 • 
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§1 Examples 

1.1 Dyadic towers over the dyadic adding machine. 

Let Q := {0, 1} N , and let P e V{Vt) be symmetric product measure: 
P = n(|j §), an d let r : f2 f2 be the dyadic odometer defined by 

r(l,..., 1,0,0^+1,.. . ) = (0,. . . ,0,l,u i+1 ,.. . ) 

where I - £(u) := min {n > 1 : u n = 0}. 

An increasing sequence q e N N (f) is a growth sequence as in [A2] if 

> El<fc<n Qk- 

The dyadic cocycle ip : f2 -> N associated to the growth sequence 
g e N N (f) is defined by 

(©) (f{u) :=%( W) - £ g fc = £gn(r(u;) fe -a; fe )- 

fc=l n>l 

The dyadic tower with the growth sequence g is the tower over P, r) 

with height function if, namely (X, 23(A), m, T) with 

I:={(i,n)eflxH: 1 < ip{x)}, m(A x {n} := P(An[ip > n]), 

( (x,n + l) ip(x)>n+l; 
T{x,n) = \ 

{ (tx, 1) tp\x) = n. 

Rational ergodicity ofT. Recall from [A2] that (X,B,m,T) is (bound- 
edly) rationally ergodic with return sequence 

a n (T) x 2 c ( n -* where c(n) = min {k > 1 : qk> n}. 

Weak mixing ofT. 
By [AN], T is weakly mixing iff G^C?) = {0} where 

G 2 (q) :={teT: £ ||g n t|| 2 < oo} 

n>l 

where |a;|| := minjvgz \x - n\. 

By lemma 3 and theorem 2 in [P] (see also [AHL]), if q n+ i = a n q n + 1 
where a„cN, Y,n^r = °°i then G 2 (q) = {0} and T is weakly mixing. 

71 

See also [AFS] . 

Negation of subsequence rational weak mixing. 

Let q e N N (f) be a growth sequence. For e e £ := {n e {-1,0, 1} N : 
7] n -> 0}, let 

k>l 

It is easy to see that e^>JV £ (£ -* Z) is injective if g is a super growth 
sequence in the sense that g„ > 2 Ei</t<n9fc- 
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For e g £, we have that iVe > iff e Kmax = 1 where K max (e) := max{& > 
l:e fc *0}. 

Write £ + :={ee£ : e Kmax = 1} and ||e|| := Y, n >i Kl- 
We claim that 

A dyadic tower with a super growth sequence cannot be subse- 
quence, rationally weakly mixing. 

Using the above, it is easy to construct super growth sequences q e 
N N (f) with G*2(g) = {0} and hence with weakly mixing dyadic towers. 

The claim (©) will follow from 

(») m(QnT- n n) = { ™ " = ^ 6 * £] 

{ else. 

Proof of (tt) (see [HK]) 

Let N > 1 and x g Q, then T N x e Q iff 3 N > 1 so that cp N (x) = N. 
By (©), 

N = <p N (z) = Y, qk(r N (u) k - u k ) = Y, e kQk =■ N t 

k>l k>l 

for some e e £ + . 

We now show that m(Q n T~ N <Q) = 

If rix < ri2 < • • • < n k , mi < m 2 < ■ ■ ■ m t and 

£n t = 1, e mj = -1 & e n = else, 

then 

Q n T~ Nc £l = {ueQ: u TH = 1 V i k e m . = V j} 
and T^w = Go; where G : Q -> Q is defined by 

( 1 - x k k e u {my};-; 
[ Xk else. 

Thus 

m(fi n T- N 'Q) = m({u eQ: u Ui = 1 V i & e m . = 0V j}) = 0(«S) 

Proof of (©) 

It suffices to show that 

1 n 

lis* ;^rZK- n fc+J >0 

where ii n = tt n (fi) : = m(tt n T~ n f2). 

To see this, we restrict summation to k = N e where e g £ + & ei = 0; 
noting iV e < n iff K max < c(n). 
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Here 



and 



Thus 



2|| e | > "-iVe+gi 2ll e ll+ 1 

1 

u Ne - u Nt+qi = - ■ u Nt . 



X! K - u k+ qi \ > X! \un c - U Nc+qi \ 

k=l ee£+, £i=0, K ma x<c(n) 

£e£+, ei=0, K max <c(n) 

= 1 y _L 

2 2ll £ H ' 

ee£ + , £1=0, Kmax<c(n) 



Now 



X! o||e|| X! X! o#F' 

£e£+, £i=0, Kmax<c(n) ^ 0*FcNn [2,c(n) ] ee£+, sup P £=F ^ 

For fixed F, 

#{e^, suppe = F} = 2 #F . 

Thus 

n 1 1 

k=l Z <X£+, £1=0, Kmax<c(n) Z 

^#{0*FcNn[2,c(n)]} 

>i-2 c(n) . 
~ 8 

1.2 A zero type example. 

Let (X,B, /i,T) be a weakly mixing, dyadic tower with a super- 
growth sequence (as above) and let (Y, C,v, S) be a conservative, ape- 
riodic ergodic Markov shift with A e M(S), u(A) Kaluza and with 
S xT conservative. 

TTie transformation (Y x X,C ® B,is x fi,S x T) is zero-type, 
rationally ergodic and weakly mixing, but not subsequence, rationally 
weakly mixing. 

Proof 

Evidently S x T is zero type. 

To see that S x T is weakly mixing, let i? be an ergodic, probability 
preserving transformation. It follows (from the weak mixing of T) that 



weak mixing 
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R x T is conservative, ergodic. Since S is the natural extension of a 
mildly mixing transformation, we have that 

(S x T) x R = S x (T x R) 

is conservative, ergodic. This shows that S x T is weakly mixing. 
Next, we claim that SxT is rationally ergodic with Axf2 e R(SxT). 

Proof It suffices to consider the one sided Markov shift (Y + ,C+, u, a) 
and show that a x T is rationally ergodic with AxOe i?(cr x T). 

Write Uk ■= v(A n o~~ n A), then ffc := - Uk+\ > and on A x Q, the 
transfer operator is given by 

<fTT n (l Ax n)(?/,a;) = a ri (U)( ? /)l f ,(T-^) = n n ln(T- ri a;). 

Thus, for (y,u;) eixfl, 
. j* 

Y, o-xT (l Axn )(y,u) = 2_, u fAn(T~ u) 

l<k<n l<k<n 

\<k<n 

:( T_1 )/i \f. ,u., c( T_1 ) 



= £ ^ , (l n )(o;) + M „^ ; (l n )(u>) 

l<fc<n 

<M £ ^4 T) (fi) + M Mn ai T) (fi) 

l<fc<n 

= M £ u k fi(ttnT- k tt) + 2Mu n a { P(n) 

l<k<n 

<3Ma ( n SxT \AxQ). 



Rational ergodicity of S x T and A x f2 e i?(,S x T) follow from this. 

To see that S x T is not rationally weakly mixing, consider E, F e 
R(S x T) given by 

£:=7lxfi, F := A x T~ f/1 f], 

then for n = N e with ei = 0, we have 

v x fi(E n(S x T)~ n E) - v x n{F n (S x T)~ n F) 

= u n (n(Q n T- n fi) - n r"( n+9l) ^)) 

^ V (finr n fi). 
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Noting that 

a n (SxT)~ Y, Un *-^4 

eeS + , N c <n L 

~ E 

ee£+, ei=0, N f <n Z 

we see that 

£ \u x fi(E n(Sx T)- k E) -vx^(Fn(Sx T)- k F)\ 

l<k<n 

= Wn|M^ nT_nfi )-M finT_(n+9l)fi )l 

l<fe<n 

* E u *.oR 

ee£+, 6i=0, 7V e <n z 
Xfl n (5xT). 0® 

§2 Smoothness of renewal sequences 

Suppose that u = = (uo,u±, . . .) is an aperiodic, recurrent, re- 
newal sequence with lifetime distribution / e V(N). 
The renewal sequence it is called smooth if 



X! \ u k ~ u k+i\ = o(a n ) as n -> oo where a n = ■= V life. 



.00 

fe=l fe=l 

It follows from [GL] that if it = (ito,iti, . . . ) is an aperiodic, recurrent, 
renewal sequence and is a- regularly varying with a e (0, 1), then it 
is smooth (see [Al]). The case a = 1 follows from the next proposition 
(which is related to proposition 8.3 in [Al]). 

For it = «(/), let c N ■= f([N, oo)) and L(N) := £f =1 c fc . 

Proposition If u = (ito, iti, • ■ • ) an aperiodic, recurrent, renewal 
sequence with 

r iVc, 1 
lim — ; — r < 



N^oo L(N) y/E+l' 

then u is smooth. 

Remark If is t-regularly varying for some t > , then by 

v 5+1 

the renewal equation and Karamata theory, L(N) oc a(u ^ N ^ is (1 - 1)- 
regularly varying, Ncjy ~ (1 -t)L(N) and (kt) holds. 

Proof We show first that 

oo 

(©) £(u fc -u fe+1 ) 2 <oo. 

fc=i 
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Let u = uW and let c N := f([N, oo)), M(N) := Zi< n <Nnf n and V(JV) := 

Sl<n<JV 71,2 fn- 

By (w), 3 # < so that iVc^y < RL(N)) for large TV. It follows 
that 

NC N < RL(N) = R(M(N) + NC N ) 

whence 

(«&) iVCV < 7^ • M(iV) 

1 — -R 

for large iV where < 
In particular 

M(iV) x L(iV) asiV^oo; 

and 

oo 

y* < oo. 

£i n 2 M(n) 2 
We'll use these to prove (@). 

By Parseval's formula, and the renewal equation, 



where /(0) := E~i/n.e mf? . By aperiodicity, sup e , |e|£7r |/(#)| < 1 V e > 
whence (using symmetry) 

\6\ 2 d6 p 6> 2 d# 

Lf7w <oc " I Iww < °° f or some e > °' 

For |0| < f , 

l-/(0) = £/„(2sin 2 ( — )-isin(n0)) 

n=l Z 

= ( E + E )/n(2sin 2 (^)- ? sin(^)) 

and 

|i-/WI>l E l-l E I- 

1 s- 



s 

Now 
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and 



>\ Y, fnsin(n9)\ 



>--\9\ £ n/ B 

vr 2 



l<n<- 



|9| 



-■iw4r); 

7T 7T 1 6*| 



nf) 

Z 1 = 1 £ /n (2sin 2 ( T )-zsin(^))| 



£ / n 2sin 2 (^)) +( £ / n sin(n0)) 



< y5c 2 . 



By assumption 3 A > so that for 16*1 < A, 



c , < R' 2 ^M{ A) 



where i?' = j— ^ = -^=(1 - 77) for some 77 > 0; whence 



|1-/WI>|-|W^)-V5 C , 

7T 7T|t7| ''I 6 '! 

2 >(*). 



?r|0| n\6\ 
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Let N> 1, A > § , then 



6 2 d6 rj! 

Jo ii- new K< Jo 



9 2 d9 



(^(^)) 2 
r§ d9 

de 



^ r n du 



E 



fi n 2 M(n) 2 
To see smoothness, by assumption 



< 00. 



£ r,. *L 1 l 
loglW ~ E TTTT - E ~7?7 + 0(1) = -7= logiV + 0(1) 



whence 



L(iV) = O(N^S). 

Using the renewal equation, a u (n) x |t^y, whence a u (n) » N VE and 



- — « 



i i 



0. 



By CSI 



— |— ■ V \u k - u k+1 \ < — t\-\ Y.(u k -u k+1 ) 
l u(n) t[ a u (n) \ g x 



0. 
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